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Abstrat
A onneted k-hromati graph G is double-ritial if for all edges
uv of G the graph G − u − v is (k − 2)-olourable. The only known
double-ritial k-hromati graph is the omplete k-graph Kk. The
onjeture that there are no other double-ritial graphs is a speial
ase of a onjeture from 1966, due to Erd®s and Lovász. The onje-
ture has been veried for k ≤ 5. We prove for k = 6 and k = 7 that any
non-omplete double-ritial k-hromati graph is 6-onneted and has
Kk as a minor.
1 Introdution
A long-standing onjeture, due to Erd®s and Lovász [5℄, states that the om-
plete graphs are the only double-ritial graphs. We refer to this onjeture
as the Double-Critial Graph Conjeture. A more elaborate statement of the
1
onjeture is given in Setion 2, where several other fundamental onepts
used in the present paper are dened. The Double-Critial Graph Conjeture
is easily seen to be true for double-ritial k-hromati graphs with k ≤ 4.
Mozhan [16℄ and Stiebitz [19, 20℄ independently proved the onjeture for
k = 5, while it remains open for k ≥ 6. The Double-Critial Graph Conje-
ture is a speial ase of a more general onjeture, the so-alled Erd®s-Lovász
Tihany Conjeture [5℄, whih states that for any graph G with χ(G) > ω(G)
and any two integers a, b ≥ 2 with a + b = χ(G) + 1, there is a partition
(A,B) of the vertex set V (G) suh that χ(G[A]) ≥ a and χ(G[B]) ≥ b.
The Erd®s-Lovász Tihany Conjeture is settled in the armative for every
pair (a, b) ∈ {(2, 2), (2, 3), (2, 4), (3, 3), (3, 4), (3, 5)} (see [3, 16, 19, 20℄). Kos-
tohka and Stiebitz [13℄ proved it to be true for line graphs of multigraphs,
while Balogh et al. [1℄ proved it to be true for quasi-line graphs and for graphs
with independene number 2.
In addition, Stiebitz (private ommuniation) has proved a weakening
of the Erd®s-Lovász Tihany onjeture, namely that for any graph G with
χ(G) > ω(G) and any two integers a, b ≥ 2 with a+ b = χ(G) + 1, there are
two disjoint subsets A and B of the vertex set V (G) suh that δ(G[A]) ≥ a−1
and δ(G[B]) ≥ b− 1. (Note that for this onlusion to hold it is not enough
to assume that G * Ka+b−1 and δ(G) ≥ a+ b− 2, that is, the Erd®s-Lovász
Tihany onjeture does not hold in general for the so-alled olouring number.
The 6-yle with all shortest diagonals added is a ounterexample with a = 2
and b = 4.) For a = 2, the truth of this weaker version of the Erd®s-Lovász
Tihany onjeture follows easily from Theorem 1 of the present paper.
Given the diulty in settling the Double-Critial Graph Conjeture we
pose the following weaker onjeture:
Conjeture 1. Every double-ritial k-hromati graph is ontratible to the
omplete k-graph.
Conjeture 1 is a weaker version of Hadwiger's Conjeture [9℄, whih
states that every k-hromati graph is ontratible to the omplete k-graph.
Hadwiger's Conjeture is one of the most fundamental onjetures of Graph
Theory, muh eort has gone into settling it, but it remains open for k ≥ 7.
For more information on Hadwiger's Conjeture and related problems we
refer the reader to [11, 22℄.
In this paper we mainly devote attention to the double-ritial 7-hromati
graphs. It seems that relatively little is known about 7-hromati graphs.
Jakobsen [10℄ proved that every 7-hromati graph has a K7 with two edges
missing as a minor. It is apparently not known whether every 7-hromati
graph is ontratible to K7 with one edge missing. Kawarabayashi and
Toft [12℄ proved that every 7-hromati graph is ontratible to K7 or K4,4.
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The main result of this paper is that any double-ritial 6- or 7-hromati
graph is ontratible to the omplete graph on six or seven verties, re-
spetively. These results are proved in Setions 6 and 7 using results of
Gy®ri [8℄ and Mader [15℄, but not the Four Colour Theorem. Krusenstjerna-
Hafstrøm and Toft [14℄ proved that any double-ritial k-hromati (k ≥ 5)
non-omplete graph is 5-onneted and (k+1)-edge-onneted. In Setion 5
we extend that result by proving that any double-ritial k-hromati (k ≥ 6)
non-omplete graph is 6-onneted. In Setion 3 we exhibit a number of basi
properties of double-ritial non-omplete graphs. In partiular, we observe
that the minimum degree of any double-ritial non-omplete k-hromati
graph G is at least k+1 and that no two verties of degree k+1 are adjaent
in G, f. Proposition 9 and Theorem 1. Gallai [7℄ also used the onept
of deomposable graphs in the study of ritial graphs. In Setion 4 we use
double-ritial deomposable graphs to study the maximum ratio between the
number of double-ritial edges in a non-omplete ritial graph and the size
of the graph, in partiular, we prove that, for every non-omplete 4-ritial
graph G, this ratio is at most 1/2 and the maximum is attained if and only
if G is a wheel. Finally, in Setion 8, we study two variations of the on-
ept of double-ritialness, whih we have termed double-edge-ritialness
and mixed-double-ritialness. It turns out to be straightforward to show
that the only double-edge-ritial graphs and mixed-double-ritial graphs
are the omplete graphs.
2 Notation
All graphs onsidered in this paper are simple and nite. We let n(G) and
m(G) denote the order and size of a graph G, respetively. The path, the
yle and the omplete graph on n verties is denoted Pn, Cn and Kn, re-
spetively. The length of a path or a yle is its number of edges. The set
of integers {1, 2, . . . , k} will be denoted [k]. A k-olouring of a graph G is
a funtion ϕ from the vertex set V (G) of G into a set C of ardinality k so
that ϕ(u) 6= ϕ(v) for every edge uv ∈ E(G), and a graph is k-olourable if
it has a k-olouring. The elements of the set C is referred to as olours, and
a vertex v ∈ V (G) is said to be assigned the olour ϕ(v) by φ. The set of
verties S assigned the same olour c ∈ C is said to onstitute the olour
lass c. The minimum integer k for whih a graph G is k-olourable is alled
its hromati number of G and it is denoted χ(G). An independent set S of
V (G) is a set suh that the indued graph G[S] is edge-empty. The maximum
integer k for whih there exists an independent set S of G of ardinality k is
the independene number of G and is denoted α(G). A graph H is a minor
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of a graph G if H an be obtained from G by deleting edges and/or verties
and ontrating edges. An H-minor of G is a minor of G isomorphi to H .
Given a graph G and a subset U of V (G) suh that the indued graph G[U ]
is onneted, the graph obtained from G by ontrating U into one vertex
is denoted G/U , and the vertex of G/U orresponding to the set U of G is
denoted vU . Let δ(G) denote the minimum degree of G. For a vertex v of a
graph G, the (open) neighbourhood of v in G is denoted NG(v) while NG[v]
denotes the losed neighbourhood NG(v)∪ {v}. Given two subsets X and Y
of V (G), we denote by E[X, Y ] the set of edges of G with one end-vertex in
X and the other end-vertex in Y , and by e(X, Y ) their number. If X = Y ,
then we simply write E(X) and e(X) for E[X,X ] and e(X,X), respetively.
The indued graph G[N(v)] is refered to as the neighbourhood graph of v
(w.r.t. G) and it is denoted Gv. The independene number α(Gv) is denoted
αv. The degree of a vertex v in G is denoted degG(v) or deg(v). A graph
G is alled vertex-ritial or, simply, ritial if χ(G − v) < χ(G) for every
vertex v ∈ V (G). Moreover, a ritial graph G is alled double-ritial if
χ(G− x− y) ≤ χ(G)− 2 for all edges xy ∈ E(G) (1)
It is lear that χ(G − x − y) an never be stritly less than χ(G) − 2 and
so we ould require χ(G − x − y) = χ(G) − 2 in (1). The fat that any
double-ritial graph is vertex-ritial implies that any double-ritial graph
is onneted. The onept of vertex-ritial graphs was rst introdued by
Dira [4℄ and have sine been studied extensively, see, for instane, [11℄. As
noted by Dira [4℄, every ritial k-hromati graph G has minimum degree
δ(G) ≥ k − 1. An edge xy ∈ E(G) suh that χ(G − x − y) = χ(G) − 2
is referred to as a double-ritial edge. For graph-theoreti terminology not
explained in this paper, we refer the reader to [2℄.
3 Basi properties of non-omplete double-ritial
graphs
In this setion we let G denote a non-omplete double-ritial k-hromati
graph. Thus, by the aforementioned results, k ≥ 6.
Proposition 1. The graph G does not ontain a omplete (k − 1)-graph as
a subgraph.
Proof. SupposeG ontainsKk−1 as a subgraph. SineG is double-ritial and
k-hromati, it follows that G −Kk−1 is edge-empty, but not vertex-empty.
Sine G is also vertex-ritial, δ(G) ≥ k − 1, and therefore every v ∈ V (G−
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Kk−1) is adjaent to every vertex of V (Kk−1) in G, in partiular, G ontains
Kk as a subgraph. Sine G is vertex-ritial, G = Kk, a ontradition.
Proposition 2. If H is a onneted subgraph of G with n(H) ≥ 2, then the
graph G/V (H) obtained from G by ontrating H is (k − 1)-olourable.
Proof. The graph H ontains at least one edge uv, and the graph G− u− v
is (k − 2)-olourable, whih, in partiular, implies that the graph G − H is
(k − 2)-olourable. Now, any (k − 2)-olouring of G − H may be extended
to a (k − 1)-olouring of G/V (H) by assigning a new olour to the vertex
vV (H).
Given any edge xy ∈ E(G), dene
A(xy) := N(x)\N [y]
B(xy) := N(x) ∩N(y)
C(xy) := N(y)\N [x]
D(xy) := V (G)\(N(x) ∪N(y))
= V (G)\ (A(xy) ∪ B(xy) ∪ C(xy) ∪ {x, y})
We refer to B(x, y) as the ommon neighbourhood of x and y (in G).
In the proof of Proposition 3 we use what has beome known as general-
ized Kempe hains, f. [17, 21℄. Given a k-olouring ϕ of a graph H , a vertex
x ∈ H and a permutation π of the olours 1, 2, . . . , k. Let N1 denote the
set of neighbours of x of olour π(ϕ(x)), let N2 denote the set of neighbours
of N1 of olour π(π(ϕ(x))), let N3 denote the set of neighbours of N2 of
olour π3(ϕ(x)), et. We all N(x, ϕ, π) = {x} ∪N1 ∪N2 ∪ · · · a generalized
Kempe hain from x w.r.t. ϕ and π. Changing the olour ϕ(y) for all verties
y ∈ N(x, ϕ, π) from ϕ(y) to π(ϕ(y)) gives a new k-olouring of H .
Proposition 3. For all edges xy ∈ E(G), (k − 2)-olourings of G − x − y
and any non-empty sequene j1, j2, . . . , ji of i dierent olours from [k − 2],
there is a path of order i+2 starting at x, ending at y and with the t'th vertex
after x having olour jt for all t ∈ [i]. In partiular, xy is ontained in at
least (k − 2)!/(k − 2− i)! yles of length i+ 2.
Proof. Let xy denote an arbitrary edge of G and let ϕ denote a (k − 2)-
olouring of G − x − y whih uses the olours of [k − 2]. The funtion ϕ
is extended to a proper (k − 1)-olouring of G − xy by dening ϕ(x) =
ϕ(y) = k − 1. Let π denote the yli permutation (k − 1, j1, j2, . . . , ji).
If the generalized Kempe hain N(x, ϕ, π) does not ontain the vertex y,
then by reassigning olours on the verties of N(x, ϕ, π) as desribed above,
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a (k − 1)-olouring ψ of G − xy with ψ(x) 6= k − 1 = ψ(y) is obtained,
ontraditing the fat that G is k-hromati. Thus, the generalized Kempe
hainN(x, ϕ, π)must ontain the vertex y. Sine x and y are the only verties
whih are assigned the olour k − 1 by ϕ, it follows that the indued graph
G[N(x, ϕ, π)] ontains an (x, y)-path of order i + 2 with verties oloured
onseutively k − 1, j1, j2, . . . , ji, k − 1. The last laim of the proposition
follows from the fat there are (k − 2)!/(k − 2 − i)! ways of seleting and
ordering i elements from the set [k − 2].
Note that the number of yles of a given length obtained in Proposition 3
is exatly the number of suh yles in the omplete k-graph. Moreover,
Proposition 3 immediately implies the following result.
Corollary 1. For all edges xy ∈ E(G) and (k − 2)-olourings of G− x− y,
the set B(xy) of ommon neighbours of x and y in G ontains verties from
every olour lass i ∈ [k − 2], in partiular, |B(xy)| ≥ k − 2, and xy is
ontained in at least k − 2 triangles.
Proposition 4. For all verties x ∈ V (G), the minimum degree in the
indued graph of the neighbourhood of x in G is at least k − 2, that is,
δ(Gx) ≥ k − 2.
Proof. Aording to Corollary 1, |B(xy)| ≥ k − 2 for any vertex y ∈ N(x),
whih implies that y has at least k − 2 neighbours in Gx.
Proposition 5. For any vertex x ∈ V (G), there exists a vertex y ∈ N(x)
suh that the set A(xy) is not empty.
Proof. Let x denote any vertex of G, and let z in N(x). The ommon
neighbourhood B(xz) ontains at least k − 2 verties, and so, sine Kk−1
is not a subgraph of G, not every pair of verties of B(xy) are adjaent, say
y, y′ ∈ B(xz) are non-adjaent. Now y′ ∈ A(xy), in partiular, A(xy) is not
empty.
Proposition 6. There exists at least one edge xy ∈ E(G) suh that the set
D(xy) is not empty.
Proof. Aording to Proposition 5, there exists at least one edge uv ∈ E(G)
suh that A(uv) is non-empty. Fix a vertex a ∈ A(uv). This vertex a annot
be adjaent to every vertex of B(uv), sine that, aording to Corollary 1,
would leave no olour available for a in a (k − 2)-olouring of G − u − v.
Suppose a is not adjaent to z ∈ B(uv). Now a ∈ D(vz), in partiular,
D(vz) is not empty.
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Proposition 7. If A(xy) is non-empty for some edge xy ∈ E(G), then
δ(G[A(xy)]) ≥ 1, that is, the indued subgraph G[A(xy)] ontains no isolated
verties. By symmetry, δ(G[C(xy)]) ≥ 1, if C(xy) is non-empty.
Proof. Suppose G[A(xy)] ontains some isolated vertex, say a. Now, sine
G is double-ritial, |B(xa)| ≥ k − 2, and, sine a is isolated in A(xy), the
ommon neighbours of x and a must lie in B(xy), in partiular, any (k− 2)-
olouring of G− a− x must assign all olours of the set [k − 2] to ommon
neighbours of a and x in B(xy). But this leaves no olour in the set [k − 2]
available for y, whih ontradits the fat that G−a−x is (k−2)-olourable.
This ontradition implies that G[A(xy)] ontains no isolated verties.
Proposition 8. If some vertex y ∈ N(x) is not adjaent to some vertex
z ∈ N(x)\{y}, then there exists another vertex w ∈ N(x)\{y, z}, whih is
also not adjaent to y. Equivalently, no vertex of the omplement Gx has
degree 1 in Gx.
Proof. This follows diretly from Proposition 7. If y ∈ N(x) is not adjaent
to z ∈ N(x)\{y}, then z ∈ A(xy) and, sine G[A(xy)] ontains no isolated
verties, the set A(xy)\{z} annot be empty.
Proposition 9. Every vertex of G has at least k + 1 neighbours.
Proof. Aording to Proposition 5, for any vertex x ∈ V (G), there exists
a vertex y ∈ N(x) suh that A(xy) 6= ∅, and, aording to Proposition 7,
δ(G[A(xy)]) ≥ 1, in partiular, |A(xy)| ≥ 2. Sine N(x) is the union of the
disjoint sets A(xy), B(xy) and {y}, we obtain
degG(x) = |N(x)| ≥ |A(xy)|+ |B(xy)|+ 1 ≥ 2 + (k − 2) + 1 = k + 1
where we used the fat that |B(xy)| ≥ k − 2, aording to Corollary 1.
Proposition 10. For any vertex x ∈ V (G),
degG(x)− αx ≥ |B(xy)|+ 1 ≥ k − 1 (2)
where y ∈ N(x) is any vertex ontained in an independent set in N [x] of size
αx. Moreover, αx ≥ 2.
Proof. Let S denote an independent set in N(x) of size αx. Obviously, αx ≥
2, otherwise G would ontain a Kk. Choose some vertex y ∈ S. Now the
non-empty set S\{y} is a subset of A(xy), and, aording to Proposition 7,
δ(G[A(xy)]) ≥ 1. Let a1 and a2 denote two neighbouring verties of A(xy).
7
The independet set S of Gx ontains at most one of the verties a1 and a2,
say a1 /∈ S. Therefore S is a subset of {y} ∪A(xy)\{a1}, and so we obtain
αx ≤ |A(xy)| = |N(x)| − |B(xy)| − 1 ≤ degG(x)− (k − 2)− 1
from whih (2) follows.
Proposition 11. For any vertex x not joined to all the other verties of G,
χ(Gx) ≤ k − 3.
Proof. Sine G is onneted there must be some vertex, say z, in V (G)\N [x],
whih is adjaent to some vertex, say y, in N(x). Now, learly, z is a vertex of
C(xy), in partiular, C(xy) is not empty, whih, aording to Proposition 7,
implies that C(xy) ontains at least one edge, say e = zv. Sine G is double-
ritial, it follows that χ(G − z − v) ≤ k − 2, in partiular, the subgraph
G[N [x]] of G−z−v is (k−2)-olourable, and so Gx is (k−3)-olourable.
Proposition 12. If degG(x) = k + 1, then the omplement Gx onsists of
isolated verties (possibly none) and yles (at least one), where the length of
the yles are at least ve.
Proof. Given degG(x) = k + 1, suppose that some vertex y ∈ Gx has
three edges missing in Gx, say yz1, yz2, yz3. Now B(xy) is a subset of
N(x)\{y, z1, z2, z3}. However, |N(x)\{y, z1, z2, z3}| = (k + 1) − 4, whih
implies |B(xy)| ≤ k − 3, ontrary to Corollary 1. Thus no vertex of Gx is
missing more than two edges. Aording to Proposition 7, if a vertex of Gx is
missing one edge, then it is missing at least two edges. Thus, it follows that
Gx onsists of isolated verties and yles. If Gx onsists of only isolated ver-
ties, then Gx would be a omplete graph, and G would ontain a omplete
(k + 1)-graph, ontrary to our assumptions. Thus, Gx ontains at least one
yle C. Let s denote a vertex of C, and let r and t denote the two distint
verties of A(xs). Now G − x − s is (k − 2)-olourable and, aording to
Corollary 1, eah of the k− 2 olours is assigned to at least one vertex of the
ommon neighbourhood B(xs). Thus, both r and t must have at least one
non-neighbour in B(xs), and, sine r and t are adjaent, it follows that r and
t must have distint non-neighbours, say q and u, in B(xs). Now, q, r, s, t
and u indue a path of length four in Gx and so the yle C ontaining P
has length at least ve.
Theorem 1. No two verties of degree k + 1 are adjaent in G.
Proof. Firstly, suppose x and y are two adjaent verties of degree k+1 in G.
Suppose that the one of the sets A(xy) and C(xy) is empty, say A(xy) = ∅.
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Then |B(xy)| = k and C(xy) = ∅. Obviously, αx ≥ 2, and it follows from
Proposition 10 that αx is equal to two. Let ϕ denote a (k − 2)-olouring of
G− x− y. Now |B(xy)| = k, αx = 2 and the fat that ϕ applies eah olour
c ∈ [k − 2] to at least one vertex of B(xy) implies that exatly two olours
i, j ∈ [k − 2] are applied twie among the verties of B(xy), say ϕ(u1) =
ϕ(u2) = k − 3 and ϕ(v1) = ϕ(v2) = k − 2, where u1, u2, v1 and v2 denotes
four distint verties of B(xy). Now eah of the olours 1, . . . , k − 4 appears
exatly one in the olouring of the verties of W := B(xy)\{u1, u2, v1, v2},
say W = {w1, . . . , wk−4} and ϕ(wi) = i for eah i ∈ [k − 4]. Now it follows
from Proposition 3 that there exists a path xwiwjy for eah pair of distint
olours i, j ∈ [k−4]. Therefore G[W ] = Kk−4. If one of the verties u1, u2, v1
or v2, say u1, is adjaent to every vertex ofW , then G[W ∪{u1, x, y}] = Kk−1,
whih ontradits Proposition 1. Hene eah of the verties u1, u2, v1 and v2
is missing at least one neighbour in W . It follows from Proposition 12, that
the omplement G[B(xy)] onsists of isolated verties and yles of length at
least ve. Now it is easy to see that G[B(xy)] ontains exatly one yle, and
we may w.l.o.g. assume that u1w1v1v2w2u2 are the verties of that yle. Now
G[{u1, v1} ∪W\{w1}] = Kk−1, and we have again obtained a ontradition.
Seondly, suppose that one of the sets A(xy) and C(xy) is non-empty,
say A(xy) 6= ∅. Sine, aording to Corollary 1, the ommon neighbourhood
B(xy) ontains at least k − 2 verties, it follows from Proposition 7 that
|A(xy)| = 2 and so |B(xy)| = k − 2, whih implies |C(xy)| = 2. Suppose
A(xy) = {a1, a2}, C(xy) = {c1, c2}, and let CA denote the yle of the om-
plement Gx whih ontains the verties a1, y and a2, say CA = a1ya2u1 . . . ui,
where u1, . . . , ui ∈ B(xy) and i ≥ 2. Similarly, let CC denote the y-
le of the omplement Gy whih ontains the verties c1, x and c2, say
CA = c1xc2v1 . . . vj, where v1, . . . , vj ∈ B(xy) and j ≥ 2. Sine both Gx
and Gy onsists of only isolated verties (possibly none) and yles, it follows
that we must have (u1, . . . , ui) = (v1, . . . , vj) or (u1, . . . , ui) = (vj , . . . , vj).
We assume w.l.o.g. that the former holds.
Let ϕ denote some (k − 2)-olouring of G − x − y using the olours of
[k − 2], and suppose w.l.o.g. φ(a1) = k − 2 and ϕ(a2) = k − 3. Again, the
struture of Gx and Gy implies ϕ(u1) = k − 3 and ϕ(ui) = k − 2, whih also
implies ϕ(c1) = k − 2 and ϕ(c2) = k − 3.
Let U = B(xy)\{u1, ui}. Now U has size k − 4 and preisely one vertex
of U is assigned the olour i for eah i ∈ [k − 4]. Sine no other verties of
(N(x) ∪ N(y))\U is assigned a olour from the set [k − 4], it follows from
Proposition 3 that for eah pair of distint olours s, t ∈ [k − 4] there exists
a path xusuty where us and ut are verties of U assigned the olours s and
t, respetively. This implies G[U ] = Kk−4. No vertex of Gx has more than
two edges missing in Gx and so, in partiular, eah of the adjaent verties
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a1 and a2 are adjaent to every vertex of U . Now G[U ∪ {a1, a2, x}] = Kk−1,
whih ontradits Proposition 1. Thus, no two verties of degree k + 1 are
adjaent in G.
4 Deomposable graphs and the ratio of double-
ritial edges in graphs
A graph G is alled deomposable if it onsists of two disjoint non-empty
subgraphs G1 and G2 together with all edges joining a vertex of G1 and a
vertex of G2.
Proposition 13. Let G be a graph deomposable into G1 and G2. Then G
is double-ritial if and only if G1 and G2 are both double-ritial.
Proof. Let G be double-ritial. Then χ(G) = χ(G1)+χ(G2). Moreover, for
xy ∈ E(G1) we have
χ(G)− 2 = χ(G− x− y) = χ(G1 − x− y) + χ(G2)
whih implies χ(G1 − x − y) = χ(G1) − 2. Hene G1 is double-ritial, and
similarly G2 is.
Conversely, assume that G1 and G2 are both double-ritial. Then for
xy ∈ E(G1) we have
χ(G− x− y) = χ(G1 − x− y) + χ(G2) = χ(G1)− 2 + χ(G2) = χ(G)− 2
For xy ∈ E(G2) we have similarly that χ(G − x − y) = χ(G) − 2. For
x ∈ V (G1) and y ∈ V (G2) we have
χ(G− x− y) = χ(G1 − x) + χ(G2 − y) = χ(G1)− 1 + χ(G2)− 1 = χ(G)− 2
Hene G is double-ritial.
Gallai proved the theorem that a k-ritial graph with at most 2k − 2
verties is always deomposable [6℄. It follows easily from Gallai's Theorem,
Proposition 13 and the fat that no double-ritial non-omplete graph with
χ ≤ 5 exist, that a double-ritial 6-hromati graph G 6= K6 has at least
11 verties. In fat, suh a graph must have at least 12 verties. (Suppose
|V (G)| = 11. Then G annot be deomposable by Proposition 13; moreover,
no vertex of a k-ritial graph an have a vertex of degree |V (G)| − 2; hene
∆(G) = 8 by Theorem 1, say deg(x) = 8. Let y and z denote the two verties
of G−N [x]. The verties y and z have to be adjaent. Hene χ(G−y−z) = 4
and χ(Gx) = 3, whih implies χ(G) = 5, a ontradition.)
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It also follows from Gallai's theorem and our results on double-ritial 6-
and 7-hromati graphs that any double-ritial 8-hromati graph without
K8 as a minor, if it exists, must have at least 15 verties.
In the seond part of the proof of Proposition 13, to prove that an edge
xy with x ∈ V (G1) and y ∈ V (G2) is double-ritial in G, we only need that
x is ritial in G1 and y is ritial in G2. Hene it is easy to nd examples
of ritial graphs with many double-ritial edges. Take for example two
disjoint odd yles of equal length ≥ 5 and join them ompletely by edges.
The result is a family of 6-ritial graphs in whih the proportion of double-
ritial edges is as high as we want, say more than 99.99 perent of all edges
may be double-ritial. In general, for any integer k ≥ 6, let Hk,ℓ denote the
graph onstruted by taking the omplete (k − 6)-graph and two opies of
an odd yle Cℓ with ℓ ≥ 5 and joining these three graphs ompletely. Then
the non-omplete graph Hk,ℓ is k-ritial, and the ratio of double-ritial
edges to the size of Hk,ℓ an be made arbitrarily lose to 1 by hoosing the
integer ℓ suiently large. These observations perhaps indiate the diulty
in proving the Double-Critial Graph Conjeture: it is not enough to use just
a few double-ritial edges in a proof of the onjeture.
Taking an odd yle Cℓ (ℓ ≥ 5)and the omplete 2-graph and joining
them ompletely, we obtain a non-omplete 5-ritial graph with at least 2/3
of all edges being double-ritial. Maybe these graphs are best possible:
Conjeture 2. If G denotes a 5-ritial non-omplete graph, then G ontains
at most c := (2 + 1
3n(G)−5
)m(G)
3
double-ritial edges. Moreover, G ontains
preisely c double-ritial edges if and only if G is deomposable into two
graphs G1 and G2, where G1 is the omplete 2-graph and G2 is an odd yle
of length ≥ 5.
The onjeture, if true, would be an interesting extension of the Theorem
of Mozhan [16℄ and Stiebitz [20℄ that there exists at least one non-double-
ritial edge. Computer tests using the list of vertex-ritial graphs made
available by Royle [18℄ indiate that Conjeture 2 holds for graphs of order
less than 12. Moreover, the analogous statement holds for 4-ritial graphs,
f. Theorem 2 below. In the proof of Theorem 2 we apply the following
lemma, whih is of interest in its own right.
Lemma 1. No non-omplete 4-ritial graph ontains two non-inident double-
ritial edges.
Proof of Lemma 1. SupposeG ontains two non-inident double-ritial edges
xy and vw. Sine χ(G−{v, w, x, y}) = 2, eah omponent of G−{v, w, x, y}
is a bipartite graph. Let Ai and Bi (i ∈ [j]) denote the partition sets of
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eah bipartite omponent of G − {v, w, x, y}. (For eah i ∈ [j], at least one
of the sets Ai and Bi are non-empty.) Sine G is ritial, it follows that no
lique of G is a ut set of G [2, Th. 14.7℄, in partiular, both G − x − y
and G− v − w are onneted graphs. Hene, in G− v − w, there is at least
one edge between a vertex of {x, y} and a vertex of Ai ∪ Bi for eah i ∈ [j].
Similarly, for v and w in G− x− y. If, say x is adjaent to a vertex a1 ∈ Ai,
then y annot be adjaent to a vertex a2 ∈ Ai, sine then there would be a
an even length (a1, a2)-path P in the indued graph G[Ai ∪ Bi] and so the
indued graph G[V (P ) ∪ {x, y}] would ontain an odd yle, whih ontra-
dits the fat that the supergraph G− v−w of G[V (P )∪{x, y}] is bipartite.
Similarly, if x is adjaent to a vertex of Ai, then x annot be adjaent to a
vertex of Bi. Similar observations hold for v and w. Let A := A1 ∪ · · · ∪ Aj
and B := B1 ∪ · · · ∪Bj . We may w.l.o.g. assume that the neighbours of x in
G− v−w− y are in the set A and the neighbours of y in G− v−w− x are
in B. In the following we distinguish between two ases.
(i) First, suppose that, in G−x−y, one of the verties v and w is adjaent
to only verties of A∪{v, w}, while the other is adjaent to only verties
of B ∪ {v, w}. By symmetry, we may assume that v in G − x − y is
adjaent to only verties of A ∪ {w}, while w in G− x− y is adjaent
to only verties of B ∪ {v}. In this ase we assign the olour 1 to the
verties of A ∪ {w}, the olour 2 to the verties of B ∪ {v}.
Suppose that one of the edges xv or yw is not in G. By symmetry,
it sues to onsider the ase that xv is not in G. In this ase we
assign the olour 2 to the vertex x and the olour 3 to y. Sine x is not
adjaent to any verties of B1 ∪ · · · ∪Bj, we obtain a 3-olouring of G,
whih ontradits the assumption that G is 4-hromati.
Thus, both of the edges xv and yw are present in G. Suppose that xw
or yv are missing from G. Again, by symmetry, it sues to onsider
the ase where yv is missing from G. Now assign the olour 2 to the
vertex x and the olour 3 to the vertex y and a new olour to the vertex
v. Again, we have a 3-olouring of G, a ontradition. Thus eah of
the edges xw and yv are in G, and so the verties x, y, v and w indue
a omplete 4-graph in G. However, no 4-ritial graph 6= K4 ontains
K4 as a subgraph, and so we have a ontradition.
(ii) Suppose (i) is not the ase. Then we may hoose the notation suh
that there exist some integer ℓ ∈ {2, . . . , j} suh that for every integer
s ∈ {1, . . . , ℓ} the vertex v is not adjaent to a vertex of Bs and the
vertex w is not adjaent to a vertex of As; and for every integer t ∈
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{ℓ, . . . , j} the vertex v is not adjaent to a vertex of At and the vertex
w is not adjaent to a vertex of Bt.
Sine G * K4, we may by symmetry assume that xv /∈ E(G). Now
olour the verties v, x and all verties of Bs (s = 1, . . . , ℓ − 1) with
olour 1; olour the vertex w, all verties of As (s = 1, . . . , ℓ − 1) and
all verties of Bt (t = ℓ, . . . , j) with olour 2; and olour the vertex y
and all the verties of At (t = ℓ, . . . , j) with olour 3. The result is a
3-olouring of G. This ontradits G being 4-hromati. Hene G does
not ontain two non-inident double-ritial edges.
Theorem 2. If G denotes a 4-ritial non-omplete graph, then G ontains at
most m(G)/2 double-ritial edges. Moreover, G ontains preisely m(G)/2
double-ritial edges if and only if G ontains a vertex v of degree n(G) − 1
suh that the graph G− v is an odd yle of length ≥ 5.
Proof. Let G denote a 4-ritial non-omplete graph. Aording to Lemma 1,
G ontains no two non-inident double-ritial edges, that is, every two
double-ritial edges of G are inident. Then, either the double-ritial edges
ofG all share a ommon end-vertex or they indue a triangle. In the later ase
G ontains stritly less that m(G)/2 double-ritial edges, sine n(G) ≥ 5
and m(G) ≥ 3n(G)/2 > 6. In the former ase, let v denote the ommon
endvertex of the double-ritial edges.
Now, the number of double-ritial edges is at most deg(v), whih is at
most n(G)−1. Sine G is 4-ritial, it follows that G−v is onneted and 3-
hromati. Hene G−v is onneted and ontains an odd yle, whih implies
m(G−v) ≥ n(G−v). Henem(G) = deg(v)+m(G−v) ≥ deg(v)+n(G)−1 ≥
2 deg(v), whih implies the desired inequality. If the inequality is, in fat, an
equality, then deg(v) = n(G)− 1 and G is deomposable with G− v an odd
yle of length ≥ 5. The reverse impliation is just a simple alulation. The
reverse impliation is just a simple alulation.
5 Connetivity of double-ritial graphs
Proposition 14. Suppose G is a non-omplete double-ritial k-hromati
graph with k ≥ 6. Then no minimal separating set of G an be partitioned
into two disjoint sets A and B suh that the indued graphs G[A] and G[B]
are edge-empty and omplete, respetively.
Proof. Suppose that some minimal separating set S of G an be partitioned
into disjoint sets A and B suh that G[A] and G[B] are edge-empty and
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omplete, respetively. We may assume that A is non-empty. Let H1 denote
a omponent of G−S, and let H2 := G− (S∪V (H1)). Sine A is not empty,
there is at least one vertex x ∈ A, and, by the minimality of the separating set
S, this vertex x has neighbours in both V (H1) and V (H2), say x is adjaent to
y1 ∈ V (H1) and y2 ∈ V (H2). Sine G is double-ritial, the graph G−x− y2
is (k − 2)-olourable, in partiular, there exists a (k − 2)-olouring ϕ1 of the
subgraph G1 := G[V (H1) ∪ B]. Similarly, there exists a (k − 2)-olouring
ϕ2 of G2 := G[V (H2) ∪ B]. The two graphs have preisely the verties of B
in ommon, and the verties of B indue a omplete graph in both G1 and
G2. Thus, both ϕ1 and ϕ2 use exatly |B| olours to olour the verties of
B, assigning eah vertex a unique olour. By permuting the olours assigned
by, say ϕ2, to the verties of B, we may assume ϕ1(b) = ϕ2(b) for every
vertex b ∈ B. Now ϕ1 and ϕ2 an be ombined into a (k − 2)-olouring ϕ
of G− A. This olouring ϕ may be extended to a (k − 1)-olouring of G by
assigning every vertex of the independent set A the some new olour. This
ontradits the fat that G is k-hromati, and so no minimal separating set
S as assumed an exist.
Krusenstjerna-Hafstrøm and Toft [14℄ states that any double-ritial k-
hromati (k ≥ 5) non-omplete graph is 5-onneted and k+1-edge-onneted.
In the following we prove that any double-ritial k-hromati (k ≥ 6) non-
omplete graph is 6-onneted.
Theorem 3. Every double-ritial k-hromati non-omplete graph with k ≥
6 is 6-onneted.
Proof. Reall, that any double-ritial graph, by denition, is onneted.
Thus, sine G is not omplete, there exists some subset U ⊆ V (G) suh that
G − U is disonneted. Let S denote a minimal separating set of G. We
show |S| ≥ 6. If |S| ≤ 3, then S an be partitioned into two disjoint subset
A and B suh that the indued graphs G[A] and G[B] are edge-empty and
omplete, respetively, and, thus, we have a ontradition by Proposition 14.
Suppose |S| ≥ 4, and let H1 and H2 denote disjoint non-empty subgraphs of
G− S suh that G− S = H1 ∪H2.
If |S| ≤ 5, then eah vertex v of V (H1) has at most ve neighbours in S
and so v must have at least two neighbours in V (H1), sine δ(G) ≥ k+1 ≥ 7.
In partiular, there is at least one edge u1u2 inH1, and soG−u1−u2 is (k−2)-
olourable. This implies that the subgraph G2 := G − H1 of G − u1 − u2
is (k − 2)-olourable. Let ϕ2 denote a (k − 2)-olouring of G2. A similar
argument shows that G1 := G − H2 is (k − 2)-olourable. Let ϕ1 denote a
(k − 2)-olouring of G1. If ϕ1 or ϕ2 applies just one olour to the verties
of S, then S is an independent set of G, whih ontradits Proposition 14.
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Thus, we may assume that both ϕ1 and ϕ2 applies at least two olours to the
verties of S. Let |ϕi(S)| denote the number of olours applied by ϕi (i = 1, 2)
to the verties of S. By symmetry, we may assume |ϕ1(S)| ≥ |ϕ2(S)| ≥ 2.
Moreover, if |ϕ1(S)| = |ϕ2(S)| = |S|, then, learly, the olours applied by
say ϕ1 may be permuted suh that ϕ1(s) = ϕ2(s) for every s ∈ S and so ϕ1
and ϕ2 may be ombined into a (k−2)-oloring of G, a ontradition. Thus,
|ϕ1(S)| = |S| implies |ϕ2(S)| < |S|.
In general, we redene the (k − 2)-olourings ϕ1 and ϕ2 into (k − 1)-
olourings of G1 and G2, respetively, suh that, after a suitable permutation
of the olours of say ϕ1, ϕ1(s) = ϕ2(s) for every vertex s ∈ S. Hereafter a
proper (k − 1)-olouring of G may be dened as ϕ(v) = ϕ1(v) for every
v ∈ V (G1) and ϕ(v) = ϕ2(v) for every v ∈ V (G)\V (G1), whih ontradits
the fat that G is k-hromati. In the following ases we only state the
appropriate redenition of ϕ1 and ϕ2.
Suppose that |S| = 4, say S = {v1, v2, v3, v4}. We onsider several ases
depending on the values of |ϕ1(S)| and |ϕ2(S)|. If |ϕi(S)| = 2 for some
i ∈ {1, 2}, then ϕi must apply both olours twie on verties of S (by Propo-
sition 14).
1) Suppose that |ϕ1(S)| = 4.
1.1) Suppose that |ϕ2(S)| = 3. In this ase ϕ2 uses the same olour at two
verties of S, say ϕ2(v1) = ϕ2(v2). We simply redene ϕ2 suh that
ϕ2(v1) = k − 1. Now both ϕ1 and ϕ2 applies four distint olours to
the verties of S and so they may be ombined into a (k− 1)-olouring
of G, a ontradition.
1.2) Suppose that |ϕ2(S)| = 2, say ϕ2(v1) = ϕ2(v2) and ϕ2(v3) = ϕ2(v4).
This, in partiular, implies v1v2 /∈ E(G), and so ϕ1 may be redened
suh that ϕ1(v1) = ϕ1(v2) = k− 1. Moreover, ϕ2 is redened suh that
ϕ2(v4) = k − 1.
2) Suppose that |ϕ1(S)| = 3, say ϕ1(v1) = 1, ϕ1(v2) = 2 and ϕ1(v3) =
ϕ1(v4) = 3.
2.1) Suppose that |ϕ2(S)| = 3, say ϕ2(x) = ϕ2(y) for two distint verties
x, y ∈ S. Redene ϕ1 and ϕ2 suh that ϕ1(v4) = k−1 and ϕ2(x) = k−1.
2.2) Suppose that |ϕ2(S)| = 2. If ϕ2(v1) = ϕ2(v2) and ϕ2(v3) = ϕ2(v4),
then the desired (k − 1)-olourings are obtained by redening ϕ2 suh
that ϕ2(v2) = k − 1. If ϕ2(v2) = ϕ2(v3) and ϕ2(v4) = ϕ2(v1), then
the desired (k − 1)-olourings are obtained by redening ϕ2 suh that
ϕ2(v3) = ϕ2(v4) = k − 1.
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3) Suppose that |ϕ1(S)| = 2, whih implies |ϕ2(S)| = 2. We may assume
ϕ1(v1) = ϕ1(v2) and ϕ1(v3) = ϕ1(v4), in partiular, v1v2 /∈ E(G). If
ϕ2(v1) = ϕ2(v2) and ϕ2(v3) = ϕ2(v4), then, obviously, ϕ1 and ϕ2 may
be ombined into a (k − 2)-olouring of G, a ontradition. Thus,
we may assume that ϕ2(v2) = ϕ2(v3) and ϕ2(v4) = ϕ2(v1). In this
ase we redene both ϕ1 and ϕ2 suh that ϕ1(v4) = k − 1, and, sine
v1v2 /∈ E(G), ϕ2(v1) = ϕ2(v2) = k − 1.
This ompletes the ase |S| = 4. Suppose |S| = 5, say S = {v1, v2, v3, v4, v5}.
Aording to Proposition 14, neither ϕ1 nor ϕ2 uses the same olour for more
than three verties. Suppose that one of the olourings ϕ1 or ϕ2, say ϕ2,
applies the same olour to three verties of S, say ϕ2(v3) = ϕ2(v4) = ϕ2(v5).
Now {v3, v4, v5} is an independent set. If (i) ϕ1(v1) = ϕ1(v2) and ϕ2(v1) =
ϕ2(v2) or (ii) ϕ1(v1) 6= ϕ1(v2) and ϕ2(v1) 6= ϕ2(v2), then we redene ϕ1 suh
that ϕ1(v3) = ϕ1(v4) = ϕ1(v5) = k−1, and so ϕ1 and ϕ2 may, after a suitable
permutation of the olours of say ϕ1, be ombined into a (k−1)-olouring of
G. Otherwise, if ϕ1(v1) 6= ϕ1(v2) and ϕ2(v1) = ϕ2(v2), then we redene both
ϕ1 and ϕ2 suh that ϕ1(v3) = ϕ1(v4) = ϕ1(v5) = k− 1 and ϕ2(v2) = k− 1. If
ϕ1(v1) = ϕ1(v2) and ϕ2(v1) 6= ϕ2(v2), then we redene both ϕ1 and ϕ2 suh
that ϕ1(v3) = ϕ1(v4) = ϕ1(v5) = k− 1 and ϕ2(v1) = ϕ2(v2) = k− 1. In both
ases ϕ1 and ϕ2 may be ombined into a (k − 1)-olouring of G Thus, we
may assume that neither ϕ1 nor ϕ2 applies the same olour to three or more
verties of S, in partiular, |ϕi(S)| ≥ 3 for both i ∈ {1, 2}. Again, we may
assume |ϕ1(S)| ≥ |ϕ2(S)|.
a) Suppose that |ϕ1(S)| = 5.
a.1) Suppose that |ϕ2(S)| = 4 with say ϕ2(v4) = ϕ2(v5). In this ase v4v5 /∈
E(G) and so we redene ϕ1 suh that ϕ1(v4) = ϕ1(v5) = k − 1.
a.2) Suppose that |ϕ2(S)| = 3. Sine ϕ2 annot assign the same olour
to three or more verties of S, we may assume ϕ2(v2) = ϕ2(v3) and
ϕ2(v4) = ϕ2(v5). In this ase v4v5 /∈ E(G), and so we redene ϕ1 and
ϕ2 suh that ϕ1(v4) = ϕ1(v5) = k − 1 and ϕ2(v3) = k − 1.
b) Suppose |ϕ1(S)| = 4, say ϕ1(v4) = ϕ1(v5).
b.1) Suppose |ϕ2(S)| = 4 with ϕ2(x) = ϕ2(y) for two distint verties x, y ∈
S. In this ase we redene ϕ1 and ϕ2 suh that ϕ1(v5) = k − 1 and
ϕ2(y) = k − 1.
b.2) Suppose |ϕ2(S)| = 3. In this ase we distinguish between two subases
depending on the number of olours ϕ2 applies to the verties of the
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set {v1, v2, v3}. As noted earlier, we must have |ϕ2({v1, v2, v3})| ≥ 2. If
|ϕ2({v1, v2, v3})| = 3, then we redene ϕ2 suh that ϕ2(v4) = ϕ2(v5) =
k − 1. Otherwise, if |ϕ2({v1, v2, v3})| = 2 with say ϕ2(v2) = ϕ2(v3).
Now v2v3, v4v5 /∈ E(G) and so we redene ϕ1 and ϕ2 suh that ϕ1(v2) =
ϕ1(v3) = k − 1 and ϕ2(v4) = ϕ2(v5) = k − 1.
) Suppose that |ϕ1(S)| = 3, say ϕ1(v2) = ϕ1(v3) and ϕ1(v4) = ϕ1(v5).
In this ase we must have |ϕ2(S)| = 3. As noted earlier, ϕ2 does not
assign the same olour to three verties of S, and so we may assume
ϕ2 applies the olours 1, 2 and 3 to the verties of S and that only one
vertex of S is assigned the olour 1 while two pairs of verties of given
the olours 2 and 3, respetively. We distinguish between four subases
depending on whih vertex of S is assigned the olour 1 by ϕ2 and and
the number of olours ϕ2 applies to the verties of the two sets {v2, v3}
and {v4, v5}. We may assume |ϕ2({v2, v3})| ≥ |ϕ2({v4, v5})|.
.1) If |ϕ2({v2, v3})| = |ϕ2({v4, v5})| = 1, then, learly, ϕ1 and ϕ2 may be
ombined into a (k − 2)-olouring of G, a ontradition.
.2) Suppose |ϕ2({v2, v3})| = 2, |ϕ2({v4, v5})| = 2 and ϕ2(v1) = 1. Suppose
that ϕ2 assigns the olour 2 to the two distint verties x, y ∈ S\{v1}.
Now we redene ϕ1 and ϕ2 suh that ϕ1(x) = ϕ1(y) = k − 1 and
ϕ2(z) = k − 1 for some vertex z ∈ S\{v1, x, y}.
.3) Suppose |ϕ2({v2, v3})| = 2, |ϕ2({v4, v5})| = 2 and ϕ2(v1) 6= 1, say
ϕ2(v5) = 1. In this ase there is a vertex x ∈ {v2, v3} suh that ϕ2(x) =
ϕ2(v4). Now we redene ϕ1 and ϕ2 suh that ϕ1(x) = ϕ1(v4) = k − 1
and ϕ2(v1) = k − 1.
.4) If |ϕ2({v2, v3})| = 2, |ϕ2({v4, v5})| = 1, then we redene ϕ2 suh that
ϕ2(v2) = ϕ2(v3) = k − 1.
6 Double-ritial 6-hromati graphs
In this setion we prove, without use of the Four Colour Theorem, that any
double-ritial 6-hromati graph is ontratible to K6.
Theorem 4. Every double-ritial 6-hromati graph G ontains K6 as a
minor.
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Proof. If G is a the omplete 6-graph, then we are done. Hene we may
assume that G is not the omplete 6-graph. Now, aording to Proposition 9,
δ(G) ≥ 7. Firstly, suppose that δ(G) ≥ 8. Then m(G) = 1
2
∑
v∈V (G) deg(v) ≥
4n(G) > 4n(G) − 9. Gy®ri [8℄ and Mader [15℄ proved that any graph H
with m(H) ≥ 4n(G) − 9 is ontratible to K6, whih implies the desired
result. Seondly, suppose that G ontains a vertex, say x, of degree 7. Let
yi (i ∈ [7]) denote the neighbours of x. Now, aording to Proposition 12,
the omplement of the indued subgraph Gx onsists of isolated verties and
yles (at least one) of length at least ve. Sine n(Gx) = 7, the omplement
Gx must ontain exatly one yle Cℓ. We onsider three ases depending on
the length of Cℓ.
(i) Suppose ℓ = 5, say Cℓ = {y1, y2, y3, y4, y5}. Now {y1, y3, y6, y7} in-
dues a K4, and so {y1, y3, y6, y7, x} indues a K5, whih ontradits
Proposition 1.
(ii) Suppose ℓ = 6, say Cℓ = {y1, y2, y3, y4, y5, y6}. In this ase, {y1, y3, y5, y7, x}
indues a K5, again, we obtain a ontradition.
(iii) Finally, ℓ = 7, say Cℓ = {y1, y2, y3, y4, y5, y6, y7}. Now by ontrating
the edges y2y5 and y4y7 of Gx into two distint verties a omplete 5-
graph is obtained, as is readily veried. Sine, by denition, the vertex
x is adjaent to every vertex of V (Gx), it follows that G is ontratible
to K6.
The proof of Theorem 4 implies the following result.
Corollary 2. Every double-ritial 6-hromati graph G with δ(G) = 7 has
the property that for every vertex x ∈ V (G) with deg(x) = 7, the omplement
Gx is a 7-yle.
7 Double-ritial 7-hromati graphs
Let G denote a double-ritial non-omplete 7-hromati graph. Reall, that
given a vertex x ∈ V (G), we let Gx denote the indued graph G[N(x)] and
αx := α(Gx). The following orollary is a diret onsequene of Proposi-
tion 11.
Corollary 3. For any vertex x of G not joined to all other verties, χ(Gx) ≤
4.
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Proposition 15. For any vertex x of G of degree 9, αx = 3.
Proof. It follows from Proposition 10, that αx is at most 3. Sine χ(Gx)·αx ≥
n(Gx) = 9, it follows from Corollary 3, that αx ≥ 9/χ(Gx) ≥ 9/4, whih
implies αx ≥ 3. Thus, αx = 3.
Proposition 16. If x is a vertex of degree 9 in G, then the omplement Gx
does not ontain a K−4 as a subgraph.
Proof. Let x denote a vertex of degree 9 inG. By Proposition 4, the minimum
degree in Gx is at least k − 2 = 5. Suppose that the verties y1, y2, z1, z2 are
the verties of a subgraph K−4 in Gx, that is, a 4-yle with a diagonal edge
y1y2. The graph G − x − y1 is 5-olourable, and, aording to Corollary 1,
every one of the ve olours ours in B(xy1). None of the verties y2, z1 or
z2 are in B(xy1), that is, B(xy1) ⊆ V (Gx)\{y1, y2, z1, z2}. Now the vertex
y2 is not adjaent to every vertex of B(xy1), sine that would leave none of
the ve olours available for properly olouring y2. Thus, in Gx the vertex
y2 has at least four non-neighbours (y1, z1, z2 and, at least, one vertex from
B(xy1)). Sine n(Gx) = 9, we nd that y2 has at most 8 − 4 neighbours in
N [x], and we have a ontradition.
Proposition 17. For any vertex x of degree 9 in G, any vertex of an α(Gx)-
set has degree 5 in the neighbourhood graph Gx.
Proof. Let x denote vertex of G of degree 9, and letW = {w1, w2, w3} denote
any independent set in Gx. This verties of W all have degree at most 6 in
Gx and, by Proposition 4, at least 5. Suppose that, say, w1 ∈ W has degree
6. Now B(xw2) is a subset of N(w1;Gx), G − x − w2 is 5-olourable, and,
aording to Corollary 1, every one of the ve olours ours in B(xy1).
This, however, leaves none of the ve olours available for w1, and we have
a ontradition. It follows that any vertex of an independent set of three
verties in Gx have degree 5 in Gx.
Proposition 18. If G has a vertex x of degree 9, then
(a) the verties of any maximum independent set W = {w1, w2, w3} all
have degree 5 in Gx,
(b) the verties of V (Gx) have degree 5, 6 or 8 in Gx,
() every vertex wi (i = 1, 2, 3) has exatly one private non-neighbour w.r.t.
W in Gx, that is, there exist three distint verties in Gx −W , whih
we denote by y1, y2 and y3, suh that eah wi (i = 1, 2, 3) is adjaent
to every vertex of Gx − (W ∪ yi), and
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z1
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W Y Z
Figure 1: The graph Gx as desribed in Proposition 18. The dashed urves
indiate missing edges. The missing edges from W to Y ∪ Z are exatly as
indiated in the gure, while there may be more missing edges in E(Gx−W )
than indiated. The dashed urves starting at verties of yi (i = 1, 2, 3) and
not ending at a vertex represent a missing edges between yi and a vertex of
Z.
(d) eah vertex yi has a neighbour and non-neighbour in V (Gx)\(W ∪
{y1, y2, y3}) (see Figure 1).
In the following, let W := {w1, w2, w3}, Y := {y1, y2, y3} and Z :=
V (Gx)\(W ∪ Y ). Note that the above orollary does not laim that eah
vertex yi has a private non-neighbour in Z w.r.t. to Y .
Proof. Claim (a) follows from Proposition 15 and Proposition 17. Aording
to Proposition 4, δ(Gx) ≥ 5, and, obviously, ∆(Gx) ≤ 8, sine n(Gx) = 9. If
some vertex y ∈ Gx has degree stritly less than 8, then, aording to Propo-
sition 8, it has at least two non-neighbours in Gx, that is, deg(y,Gx) ≤ 8−2.
This establishes (b). As for the laim (), eah vertex wi (i = 1, 2, 3) has
exatly ve neighbours in V (Gx)\W , whih is a set of six verties, and so
wi has exatly one non-neigbour in V (Gx)\W . Suppose say w1 and w2 have
a ommon non-neighbour in V (Gx)\W , say u. Now the verties w1, w2, w3
and u indue a K4 or K
−
4 in the omplement Gx, whih ontradits Proposi-
tions 16. Hene, () follows. Now for laim (d). The fat that eah vertex yi
in Y has at least one neighbour in Z follows (b) and the fat that yi is not
adjaent to wi. It remains to show that yi has at least one non-neighbour
in Z. The graph G− x − w1 is 5-olourable, in partiular, there exists a 5-
olouring c of Gx−w1, whih, aording to Corollary 1, assigns every olour
of [5] to at least one vertex of B(xw1). In this ase B(xw1) onsists of pre-
isely the verties y2, y3, z1, z2 and z3. We may assume ϕ(y2) = 1, ϕ(y3) = 2,
ϕ(z1) = 3, ϕ(z2) = 4 and ϕ(z3) = 5. Sine w2 is adjaent to every vertex of
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w1
w2
z2y2
y3 z3
w3
y1 z1
Figure 2: The graph F . The dashed lines between verties indiate missing
edges. Any edge whih is not expliity indiated missing is present in F .
Z ∪ Y \{y2}, the only olour available for w2 is the olour assign to y2, that
is, ϕ(w2) = ϕ(y2) = 1. Similarly, ϕ(w3) = ϕ(y3) = 2. Both the verties w2
and w3 are adjaent to y1 and so the olour assigned to y1 annot be one of
the olours 1 or 2, that is, ϕ(y1) ∈ {3, 4, 5}. This implies, sine ϕ(z1) = 3,
ϕ(z2) = 4 and ϕ(z3) = 5, that y1 annot be adjaent to all three verties z1,
z2 and z3. Thus, (d) is established.
Corollary 4. If G has a vertex x of degree 9, then there are at least two
edges between verties of Y .
Proof. Ifm(G[Y ]) ≤ 1, then it follows from () and (d) of Proposition 18, that
some vertex yi ∈ Y has at most four neighbours in Gx. But this ontradits
(b) of the same proposition. Thus, m(G[Y ]) ≥ 2.
Lemma 2. If x is a vertex of G with minimum degree 9 and the neighbour-
hood graph Gx is isomorphi to the graph F of Figure 2, then G is ontratible
to K7.
Proof. Aording to Corollary 3, χ(G[N [x]]) ≤ 5, and so N [x] 6= V (G). Let
H denote some omponent in G−N [x]. There are several ways of ontrating
Gx to K
−
6 . For instane, by ontrating the three edges w1y3, w2y1 and w3y2
into three distint verties a K−6 is obtained, where the verties z1 and z3
remain non-adjaent. Thus, if there were a z1-z3-path P (z1, z3) with internal
verties ompletely ontained in the set V (G)\N [x], then, by ontrating the
edges of P (z1, z3), we would have a neighbourhood graph of x, whih were
ontratible to K6. Similarly, there exists ontrations of Gx suh that if
only there were a w1-y1-path P (w1, y1), w2-y2-path P (w2, y1) or w3-y3-path
P (w3, y3) with internal verties ompletely ontained in the set V (G)\N [x],
then suh a path ould be ontrated suh that the neighbourhood graph of
x would be ontratible to K6. Assume that none of the above mentioned
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paths P (z1, z3), P (w1, y1), P (w2, y1) and P (w3, y3) exist. In partiular, for
eah pair of verties (z1, z3), (w1, y1), (w2, y2) and (w3, y3) at most one vertex
is adjaent to a vertex of V (H), sine if both, say z1 and z3 were adjaent
to, say u ∈ V (H) and v ∈ V (H), respetively, then there would be a z1-
z3-path with internal verties ompletely ontained in the set V (G)\N [x],
ontraditing our assumption. Now it follows that in G there an be at most
ve verties of V (Gx) adjaent to verties of V (H). By removing from G
the verties of V (Gx), whih are adjaent to verties of V (H), the graph
splits into at least two distint omponents with x in one omponent and the
verties of V (H) in another omponent. This ontradits Theorem 3, whih
states that G is 6-onneted, and so the proof is omplete.
Theorem 5. Every double-ritial 7-hromati graph G ontains K7 as a
minor.
Proof. If G is a omplete 7-graph, then we are done. Hene, we may assume
that G is not a omplete 7-graph, and so, aording to Proposition 9, δ(G) ≥
8. If δ(G) ≥ 10, then m(G) ≥ 5n(G) > 5n − 14, and it follows from a
theorem of Gy®ri [8℄ and Mader [15℄ that G ontains K7 as a minor. Let x
denote a vertex of minimum degree. Suppose δ(G) = 8. Now, aording to
Proposition 12, the omplement Gx onsists of isolated verties and yles
(at least one), eah having length at least ve. Sine n(Gx) = 9, it follows
that Gx ontains exatly one yle Cℓ of length ≥ 5.
(i) If ℓ = 5, then G[y1, y3, y6, y7, y8, x] is the omplete 6-graph, a ontra-
dition.
(ii) If ℓ = 6, then G[y1, y3, y5, y7, y8, x] is the omplete 6-graph, a ontra-
dition.
(iii) If ℓ = 7, then by ontrating the edges y1y4 and y2y6 of Gx into two
distint verties a omplete 6-graph is obtained, and so G ≥ K7.
(iv) If ℓ = 8, then by ontrating the edges y1y5 and y3y7 of Gx into two
distint verties a omplete 6-graph is obtained, and so G ≥ K7.
Now, suppose δ(G) = 9. Aording to Proposition 18, there exists an
αx-set W = {w1, w2, w3} of three distint verties suh that there is a set
Y = {y1, y2, y3} ⊆ V (G)\W of three distint verties suh that N(wi, Gx) =
V (Gx)\(W ∪yi) (see Figure 1). Let Z = {z1, z2, z3} denote the three remain-
ing verties of Gx − (W ∪ Y ). We shall investigate the struture of Gx and
onsider several ases. Thus, e(W ) = 0, and, as follows from Corollary 4,
e(Y ) ≥ 2. Suppose e(Z) = 3. By ontrating the edges w1y2, w2y3 and
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Figure 3: In Case 1.2.3, the graph Gx ontains the graph depited above
as a subgraph. The thik urves indiate the edges to be ontrated. By
ontrating the three edges of Gx as indiated above, a K6 minor is obtained.
w3y1 of Gx into three distint verties a omplete 6-graph is obtained (see
Figure 3). Thus, G ≥ K7. In the following we shall be assuming e(Z) ≤ 2.
Seondly, suppose e(Z) = 0. Now Z is an αx-set and it follows from Proposi-
tion 18, thatGx possess the struture as indiated in Figure 4. By ontrating
the edges w1z3 and w3z1 of Gx into two distint verties w
′
1 and w
′
3, we nd
that the verties w′1, w2, w
′
3, y1, y3 and z2 indue a omplete 6-graph, and we
are done. Thus, in the following we shall be assuming e(Z) ≥ 1. Moreover,
we shall distinguish between several ases depending on the number of edges
in E(Y ) and E(Z). So far we have established e(Y ) ≥ 2 and 2 ≥ e(Z) ≥ 1.
We shall often use the fat that deg(u,Gx) ∈ {5, 6, 8} for every vertex u ∈ Gx,
in partiular, eah vertex of Gx an have at most three non-neighbours in Gx
(exluding itself).
1) Suppose e(Y ) = 3.
1.1) Suppose, moreover, that there is a mathing M of Y into Z, say M =
{y1z1, y2z2, y3z3}. Now ontrating the edges wizi (i = 1, 2, 3) into three
distint verties a omplete 6-graph is obtained, and we are done (see
Figure 5).
1.2) Suppose that there is no mathing of Y into Z. Now it follows from
Hall's Theorem [2, Th. 16.4℄ that there exists some non-empty set
S ⊆ Y suh that e(S, Z) < |S| (reall, that e(S, Z) denotes the number
of edges with one end-vertex in S and the other end-vertex in Z).
Aording to Proposition 18, e(S, Z) ≥ 1 for any non-empty S ⊆ Y .
1.2.1) Suppose that e(Y, Z) = 1, say E(Y, Z) = {z1}. Now y1, y2 and y3 are
all non-neighbours of z2 and z3, and so both z2 and z3 must be adjaent
to eah other and to z1, that is, e(Z) = 3, ontraditing our assumption
that e(Z) ≤ 2.
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W Y Z
Figure 4: The graph Gx ontains the graph depited above as a subgraph.
The dashed urves represent edges missing in Gx. Exept for the edges of
E(Y ), any two pair of edge whih are not expliity shown as non-adjaent are
adjaent. The edge-set E(Y ) ontains at least two edges. By symmetry, we
assume y1y3 ∈ E(Y ). By ontrating two edges represented by thik urves,
it beomes lear that Gx ontains K6 as a minor.
Y
y1
y2
y3
ZW
w1
w2
w3
z3
z2
z1
Figure 5: The graph Gx ontains the graph depited above as a subgraph.
The thik urves indiate the edges to be ontrated. By ontrating two
edges of Gx as indiated above, it beomes obvious that Gx ontains K6 as
a minor.
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Figure 6: In ase 1.2.2, the graph Gx is isomorphi to the graph depited
above. Any edge whih is not expliity indiated missing is present.
1.2.2) Suppose that e(Y, Z) = 2, say E(Y, Z) = {z1, z2}. Now y1, y2 and y3
are three non-neighbours of z3, and so z3 must be adjaent to both z2
and z3. Sine e(Z) ≤ 2, it must be the ase that z1 and z2 are non-
neighbours. Sine no vertex of Gx has preisely one non-neighbour,
both z1 and z2 must have at least one non-neighbour in Y . By symme-
try, we may assume that y1 is a non-neighbour of z1. Now w1, z1 and
z3 are three non-neighbours of y1, and so y1 annot be a non-neighbour
of z2. It follows that y2 or y3 must be a non-neighbour of z2. By sym-
metry, we may assume y2z2 /∈ E(G). Now there may be no more edges
missing in Gx, however, we assume that there are more edges missing,
and show that Gx remains ontratible to K6. Eah of the verties y1
and y2 has three non-neighbours speied, while y3 already has two
non-neighbours speied. Thus, the only possible hitherto undeter-
mined missing edge must be either y3z1 or y3z2 (not both, sine that
would imply y3 to have at least four non-neighbours). By symmetry,
we may assume y3z2 /∈ E(G). Now it is lear that Gx is isomorphi to
the graph depited in Figure 6, and so it follows from Lemma 2 that G
is ontratible to K7.
1.2.3) Suppose that e(Y, Z) = 3. Now, sine there is no mathing of Y into Z
there must be some non-empty proper subset S of Y suh that |S| ≤ 2
and e(S, Z) < |S|. Reall, e(S, Z) ≥ 1 for any non-empty subset S of Y ,
and so it must be the ase that |S| = 2 and e(S, Z) = 1, say S = {y1, y2}
and E(S, Z) = {z1}. The assumption e(Y, Z) = 3 implies that y3 is
adjaent to both z2 and z3. Aording to Proposition 18 (d), eah vertex
of Y has a non-neighbour in Z, and so it must be the ase that y3 is not
adjaent to z1. Now, sine z1 has one non-neighbour in V (Gx)\{z1},
Proposition 8 (b) implies that it must have at least one other non-
neighbour in V (Gx) − z1. The only possible non-neighbours of z1 in
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Figure 7: The graph Gx ontains the graph depited above as a subgraph.
The thik urves indiate the edges to be ontrated. By ontrating three
edges of Gx as indiated above, it beomes obvious that Gx ontains K6 as
a minor.
V (Gx)\{z1, y3} are z2 and z3, and, by symmetry, we may assume that
z1 and z2 are not adjaent. Thus, z2 is adjaent to neither z1, y1 nor y2
and so z2 must be adjaent to every vertex of V (Gx)\{z1, z2, y1, y2}, in
partiular, z2 is adjaent to z3. Thus, Gx ontains the graph depited in
Figure 7 as a subgraph. Now, by ontrating the edges w1z1, w2y1 and
w3y2 of Gx into three distint verties a omplete 6-graph is obtained.
2) Suppose e(Y ) = 2, say y1y2, y2y3 ∈ E(G).
2.1) Suppose that e(Z) = 2, say z1z2, z2z3 ∈ E(G).
2.1.1) Suppose that at least one of the edges y1z1 or y3z3 are not in E(G), say
y1z1 /∈ E(G). The vertex y1 has three non-neighbours in Gx, namely
w1, y3 and z1. Thus, y1 must be adjaent to both z2 and z3. We
have determined the edges of E(W ), E(Y ) and E(Z), and the edges
joining verties of W with verties of Y ∪ Z. Moreover, Gx ontains
at least two edges joining verties of Y with verties of Z, as indiated
in Figure 8 (a). It follows that Gx ontains the graph depited in
Figure 8 (b) as a subgraph. By ontrating the edges w1y2, w2y3 and
w3z1 of Gx into three distint verties a omplete 6-graph is obtained,
and so G ≥ K7.
2.1.2) Suppose that both y1z1 and y3z3 are in E(G).
2.1.2.1) Suppose that y1z2 or y3z2 is in E(G), say y1z2 ∈ E(G). In this ase Gx
ontains the graph depited in Figure 9 (a) as a subgraph, and so by
ontrating the edges w1y2, w2y3 and w3z3 into three distint verties
a omplete 6-graph is obtained.
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y1
z1
z3
y3
y2
w2 z2
w3
w1
(a) The graph Gx is om-
pletely determined, ex-
ept for possible some
edges between Y and Z.
z1
z2
z3y3
y1w1
w2
w3
y2
(b) The graph depited above
is a subgraph of Gx.
Figure 8: The ase 2.1.1.
z1
z2
z3
y2
y1
y3w3
w1
w2
(a) In ase 2.1.2.1, Gx on-
tains the graph depited above
as a subgraph.
y1
z1
z3
y3
y2
w2 z2
w3
w1
(b) In ase 2.1.2.2, Gx is
at least missing the edges
as indiated in the above
graph.
Figure 9: The ase 2.1.2.
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2.1.2.2) Suppose that neither y1z2 nor y3z2 is in E(G). Now S := {y1, z2, y3}
is an independent set of Gx and so, aording to Proposition 18 (),
the vertex z2 has a private non-neighbour in V (Gx)− S w.r.t. S, and,
as is easily seen from Figure 9 (b), the only possible non-neighbour of
z2 in V (Gx) is y2. The verties z1 and z3 are not adjaent, and so,
aording to Proposition 18 (b), eah of them must have a seond non-
neighbour. Sine y1 and y3 already have three non-neighbours speied,
it follows that the only possible non-neighbour of z1 and z3 is y2, but
if neither z1 nor z3 are adjaent to y2, then y2 would have at least four
non-neighbours in Gx, a ontradition.
2.2) Suppose that e(Z) = 1, say E(Z) = {z1z3}.
2.2.1) Suppose that y2z2 ∈ E(G). Now at least one of the edges y1z2 and y3z2
is in E(G), sine otherwise z2 would have at least four non-neighbour.
By symmetry, we may assume y1z2 ∈ E(G). At least one of the edges
y1z1 and y1z3 must be in E(G), sine y1 annot have more than three
non-neighbours. By symmetry, we may assume y1z1 ∈ E(G) (see Fig-
ure 10 (a)). By ontrating the edges w1z1, w3z3 and y2y3 of Gx into
three distint verties we obtain a omplete 6-graph (see Figure 10 (b)),
and, thus, G ≥ K7.
y1
z1
z3
y3
y2
w2
w3
w1
z2
(a) The graph Gx is om-
pletely determined, exept
for some edges between Y
and Z.
z1
z2
z3
y1w1
w2
w3 y3
y2
(b) The above graph is a sub-
graph of Gx.
Figure 10: The ase 2.2.1.
2.2.2) Suppose that y2z2 /∈ E(G). Eah of the verties z1 and z3 has exatly
one non-neighbour in Z, namely z2, and so eah must have at least one
non-neighbour in Y . If neither z1 nor z3 were adjaent to y2, then y2
would have at least four non-neighbours in Gx. Thus, at least one of z1
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and z3 is not adjaent to y1 or y3. By symmetry, we may assume that
y1z1 /∈ E(G). Now we need to determine the non-neighbour of y3 in Y .
2.2.2.1) Suppose that y2z3 ∈ E(G). Sine y1 already has three non-neighbours,
it must be the ase that y3 is a non-neighbour of z3 in Y . There may
also be an edge joining y2 and z1, but in any aseGx ontains the graph
depited in Figure 11 (a) as a subgraph. Thus, by ontrating the edges
w2z1, w3z1 and y1z2 into three distint verties, we nd that K6 ≤ Gx.
z2
z3
y1
y3w3
w1
w2
y2
z1
(a) In ase 2.2.2.1, Gx ontains
the graph depited above as a sub-
graph.
z2
z3
y1
y3w3
w1
w2
y2
z1
(b) In ase 2.2.2.2, Gx ontains
the graph depited above as a sub-
graph.
Figure 11: The ase 2.2.2.
2.2.2.2) Suppose that y2z3 /∈ E(G). In this ase we nd that S := {y2, z2, z3}
is a maximum independent set in Gx and so, aording to Proposi-
tion 18 (), eah of the verties of S has a private non-neighbour in
V (Gx)− S w.r.t. S. The verties w1, y3 and z1 are all non-neighbours
of y1, and so z3 annot be a non-neighbour of y1. It follows that the non-
neighbour of z3 in V (Gx)−S must be y3. Now eah of the verties of Y
has three non-neighbours, and so there an be no further edges missing
from Gx, that is, Gx ontains the graph depited in Figure 11 (b) as a
subgraph.
This, nally, ompletes the ase δ(G) = 9, and so the proof is omplete.
Obviously, if every k-hromati graph for some xed integer k is on-
tratible to the omplete k-graph, then every ℓ-hromati graph with ℓ ≥ k
is ontratible to the omplete k-graph. The orresponding result for double-
ritial graphs is not obviously true. However, for k ≤ 7, it follows from the
aforementioned results and Corollary 5 that every double-ritial ℓ-hromati
graph with ℓ ≥ k is ontratible to the omplete k-graph.
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Corollary 5. Every double-ritial k-hromati graph with k ≥ 7 ontains
K7 as a minor.
Proof. Let G denote an arbitray double-ritial k-hromati graph with k ≥
7. If G is omplete, then we are done. If k = 7, then the desired result follows
from Theorem 5. If k ≥ 9, then, aording to Proposition 9, δ(G) ≥ 10 and
so the desired result follows from a theorem of Gy®ri [8℄ and Mader [15℄.
Suppose k = 8 and that G is non-omplete. Then δ(G) ≥ 9. If δ(G) ≥ 10,
then we are done and so we may assume δ(G) = 9, say deg(x) = 9. In this
ase it follows from Proposition 12 that the omplement Gx onsists of yles
(at least one) and isolated verties (possibly none). An argument similar to
the argument given in the proof of Theorem 4 shows that Gx is ontratible
to K6. Sine x dominates every vertex of V (Gx), then G itself is ontratible
to K7.
The problem of proving that every double-ritial 8-hromati graph is
ontratible to K8 remains open.
8 Double-edge-ritial- and mixed-double-ritial
graphs
A natural variation on the theme of double-ritial graphs is to onsider
double-edge-ritial graphs. A vertex-ritial graph G is alled double-edge-
ritial if the hromati number of G dereases by at least two whenever two
non-inident edges are removed from G, that is,
χ(G− e1− e2) ≤ χ(G)− 2 for any two non-inident edge e1, e2 ∈ E(G) (3)
It is easily seen that χ(G− e1 − e2) an never be stritly less that χ(G)− 2
and so we may require χ(G − e1 − e2) = χ(G) − 2 in (3). The only ritial
k-hromati graphs for k ∈ {1, 2} are K1 and K2, therefore we assume k ≥ 3
in the following.
Theorem 6. A graph G is k-hromati double-edge-ritial if and only if it
is the omplete k-graph.
Proof. It is straightforward to verify that any omplete graph is double-edge-
ritial. Conversely, suppose G is a k-hromati (k ≥ 3) double-edge-ritial
graph. Then G is onneted. If G is a omplete graph, then we are done.
Suppose G is not a omplete graph. Then G ontains an indued 3-path
P : wxy. Sine G is vertex-ritial, δ(G) ≥ k−1 ≥ 2, and so y is adjaent to
some vertex z is V (G)\{w, x, y}. Now the edges wx and yz are not inident,
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and so χ(G−wx−yz) = k−2. Let ϕ denote a (k−2)-olouring ofG−wx−yz.
Then the verties w and x (and y and z) are assigned the same olours, sine
otherwise G would be (k− 1)-olourable. We may assume that ϕ assigns the
olour k − 3 to the verties w and x, and the olour k − 2 to the verties y
and z. Now dene the (k − 1)-olouring ϕ′ suh that ϕ′(v) = ϕ(v) exept
ϕ′(w) = k − 1 and ϕ′(y) = k − 1. The olouring ϕ′ is a proper (k − 1)-
olouring, sine w and y are non-adjaent in G. This ontradits the fat
that G is k-hromati and therefore G must be a omplete graph.
A vertex-ritial k-hromati graph G is alled mixed-double-ritial if for
any vertex x ∈ G and any edge e = uv ∈ E(G− x),
χ(G− x− e) ≤ χ(G)− 2 (4)
Theorem 7. A graph G is k-hromati mixed-double-ritial if and only if
it is the omplete k-graph.
The proof of Theorem 7 is straightforward and similar to the proof of
Theorem 6.
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